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We derive the various forms of BRST symmetry using Batalin-Fradkin-Vilkovisky 
approach in the case of Abehan 2-form gauge theory. We show that the so-called dual 
'■^ ' BRST symmetry is not an independent symmetry but the generalization of BRST 

symmetry obtained from the canonical transformation in the bosonic and ghost sec- 
, tor. We further obtain the new forms of both BRST and dual-BRST symmetry 

' by making a general transformation in the Lagrange multipliers of the bosonic and 

' ghost sector of the theory. 
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I. INTRODUCTION 

Abelian antisymmetric gauge theories have become the subject of interest in various 
aspects. It was first shown by Kalb and Ramond that Abelian rank-2 antisymmetric 



fields can interact with classical 
lation of Abelian Higgs model 



_strings which was further applied to the dual formu- 



2j. Antisymmetric tensor field appear coupled to gravity 
or supergravity fields with higher curvature term in four and ten dimensions js] and com- 
plete understanding of these couplings in superstring theories are crucial in order to have 
anomalies cancellation ^. The rank-2 antisymmetric tensor field generates effective mass 
br an Abelian vector gauge field through a topological coupling between these two fields 
A geometric aspect of Abelian rank-2 antisymmetric tensor fields has been discussed 
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in a U(l) gauge theory loop space ^]. A superspace formulation of Abelian antisym- 
metric gauge theories and the time evolution invariance of the celebrated Curci-Ferrari 

n 

type of restrictions [q] invoked in Abelian 2-form gauge theory to obtain an absolutely 
anticommuting and off-shell nilpotent (anti-) BRST as well as (anti-) co-BRST symmetry 
transformation have also been studied [3, 0]. BRST formalism |lo| is one of the most 
elegant method of covariant canonical quantization of gauge theories. Using BRST for- 
malism, the canonical covariant quantization of an Abelian rank-2 antisymmetric tensor 
field has been studied by many authors 
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12| in a systematic manner. 



A general method of Hamiltonian BRST quantization of systems with first class con- 
straints was developed by Batalin-Fradkin-Vilkovisky (BFV) 13|. BFV approach does 
not require closure off-shell of the gauge algebra and therefore does not need an auxiliary 
field. This formalism heavily relies on BRST transformations which are independent of 
the gauge condition. Being based on Hamiltonian, the approach is closer to Hilbert space 
techniques and unitarity. This method uses an extended phase space where the Lagrange 
multipliers and the ghosts are treated as dynamical variables. The generator of the BRST 
symmetry for systems with first class constraints can be constructed from the constraints 
in a gauge independent way whose cohomology produces the physical states. The BFV 



technique has been widely studied on various model with first class constraints 
and second class constraints Is], 19]. 



mm] 



In 2-form gauge theories, the framework of BFV approach has been used to show 
the quantum equivalence of massless antisymmetric second rank tensor field theories with 



massless scalar and gauge theories in four and five dimensions [20|, to obtain the covariant 
representations for the S-matrix of a self-interacting antisymmetric tensor field 2l|]. It has 
also been applied to obtain the operator of BRST transformations and the BRST invariant 
effective Lagrangian of an "Interacting antisymmetric tensor field" using Hamiltonian 
BFV-BRST quantization of systems with dependent first class constraints 22 1. 



BRST symmetry provides a basis for the modern quantization of gauge theories. Vari- 
ous forms of BRST symm etry have been studied in 1-form gauge theory such as non-local 
and non-covariant BRST 231], covariant and non-local BRST [241], non-covariant and local 
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3RST symmetry 25|] and another local, covariant and ofF-shell nilpotent BRST symmetry 
26l . I27I . It has also been shown that there exists a local, covariant and nilpotent BRST 
symmetry, the so-called dual -BRST symmetry under which the gauge fixing term remains 



invariant for a free U(l) gauge theory and QED 28|, |29|]. In 2-form gauge theory, another 
local, covariant and nilpotent dual-BRST symmetry is claimed to be the independent 
symmetry and not the generalization of BRST symmetry, where the generator of this 
symmetry is analogous to the co-exterior derivative of the differential geometry 30, 3l| . 

In this paper, we investigate whether the dual-BRST symmetry is a new independent 
symmetry or it is merely an artifact of the canonical transformation in the bosonic sector 
and ghost sector. We also derive new forms of BRST and dual-BRST symmetry by making 
a general transformation of the Lagrange multipliers in both bosonic and ghost sectors. 

The outline of this paper is as follows. In Sec. II, we derive the BRST symmetry 
using BFV approach for the case of Abelian 2-form gauge theory. In Sec. Ill, we discuss 
dual-BRST symmetry obtained from the canonical transformations given in Sec. III-A. 
In Sec. IV and V, we obtain a new form of BRST symmetry and dual-BRST symmetry 
respectively. Finally, in Sec. VI, we make concluding remarks and enlight some new 
directions for future works. 



II. BFV-BRST APPROACH 

n 

We start with the Abelian free 4-D Kalb-Ramond Lagrangian density pL|] as 

£0 = ^F^^'F,^,, (2.1) 

where the antisymmetric field tensor is defined as Ffj_^x = d^B^x + duB\^ + d\B^i,. In 
order to find the Hamiltonian, we calculate the canonical momenta conjugate to Bqi and 



Bj^ j as 



= ^ = 0, (2.2) 

dBoi 

Yiij = ^ = l^ou. (2.3) 
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Using Dirac's prescriptions 32|] for constraint analysis, we note that the primary con- 
straint in the theory is 

n°^^0, i = l,2,3. (2.4) 

and 

diU'^ ^ 0, (2.5) 

is the secondary constraint. It can be checked that there are no further constraints and the 
constraint given in Eq. (12. 4p and Eq. (12. 5p are first class constraints 12|. The canonical 
pairs {Boi,Il^^) and {Bij,W^) in the original phase space satisfy the following canonical 
commutation relations 



5, 



o*(xj, 



noi( 



2 m 



k^i 

3 



(2.6) 
(2.7) 



The canonical Hamiltonian is given by 

He = J d^x {W^B^p - Ck^n) 



d'x ( U,jUij + —FijkFijk + 2U'W^Boj 



J d^x {Ho + A$) 



(2. 



where, A ~ Boi (in this case) is the Lagrange multiplier associated with the secondary 
constraint $ = diHij and Hq = J d'^x'Ho = J d^x (llijUij + j^FijkFijkj . Using BFV 
approach [l^, we extend the original phase space by introducing the pair of canonically 
conjugate anticommuting ghosts {Ci,Vi) , {Ci,Vi) and the pair of canonically conjugate 
commuting ghosts {(3, Up), (/3,n^) for each of the first class constraints. They have the 
following ghosts numbers 

gh = -gh Vi = 1, gh = -gh Vi = -1, (2.9) 
gh/3 = -gh Up = 2, ghp = -gh Up = -2. (2.10) 

They satisfy the following ( ant i-) commutation relations 

{Ci(x),P,(y)} = -tSij6%^-y), {C,(x), P,(y)} = -t6ij6%^-y), (2.11) 



my)] 



z5'(x 



^(x), n.(y) = i6\^-y) 



(2.12) 
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The phase space is further extended by introducing canonical conjugate pairs (Co, Vq) and 
(Co, Vo) as Lagrange multiphers to the pair {Ci,Vi), {Ci,Vi) and a canonical pair ((/^i, II^J 
as Lagrange multiplier to the gauge condition. They satisfy the similar anticommutation 
relation given in Eq.f l2.11|) and commutation relation given in Eq. f l2.12p respectively. 
They have the ghost number as mentioned in Eq. (12. 9p . 

The effective action in the extended phase space becomes 



S, 



d X 



Tl^'Boi + Tl'^B,^ + C,V, + C.{P, + CoPo + CoPo + 



where 



H^, = j SxH^ = Ho + {Q, ^} . 



(2.13) 



(2.14) 



\E' is the gauge fixed fermion and Q is the generator of the BRST symmetry. The form of 
the symmetry generator in the extended phase space is 

(2.15) 



which satisfies the following algebras 

{Qb,Qb} = 0, {H^,Qb} = 0, 
gh{Qb) = 1, ghiH^) = 0. 



(2.16) 



Using the relation Sb(p = Qb]± (+ sign for fermionic and - for bosonic nature of 0), 

the BRST charge given in Eq. (I2.15p will generate the following BRST transformations 



SbBoi 


= K 


SbBij 


= {d,C, - dfi) , 


8b^^^ 


= 0, 


SbCi 




SbCi 


= Hoi, 


hCo 


= n^ 


SbCo 


= n^, 


^bfi 




6b/3 


= 0, 






Sb^oi 


= 0, 


6bllij 


= 0, 






SbVi 


= 0, 


SbVo 


= 0, 


SbVo 


= 0, 


Sbll^ 




Sbll^ 


= 0. 



(2.17) 
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We choose gauge fixed fermion as 
^ = J (fy 



—CjdiBij + -CiUoi + -CqU^-^ 



'PiBoi — CodiBoi 



(2.18) 



We calculate 



{Q,^} 



+ di^diP - V^did - U^.diBoi - VidiCo - Vodid + Uoidiipi + -noilloi 



(2.19) 



Substituting above equation in Eq. fl2.13p . the generating functional can be expressed as 
rflloi dU-ij dBoi dBij dQ dQ dVi dVi dCo dCo dVo dVo d(3 d(3 (ill/j dUj^ 

; I d^x {n^'Boi + w^Bij + CiVi + CiVi + CoPo + CoPo + 



dip dliuy exp 



+ + n^V^ — njjlljj — -Fijf^Fijk + 2IlijdiBQj + djBj.i]loi 
- diCj {diCj - dfii) - ViV^ - diV^Co + VAC + Vid.C^ - V^diCi 



dil3dil3 + U^^diBoi - ditpiU. 



Oi 



(2.20) 



which is invariant under the BRST transformation given in Eq. fl2.17p and Dx is the 
Liouville measure over the entire phase space. Integrating Eq. fl2.20p over Pi,Pj,n^ and 



, we obtain 



Vi = - (doCi - diCo 



(2.21) 



after which the generating functional in Eq. fl2.2UI) becomes 



Dx' exp 



i I d^x\ W^Bi, - Ui.Uij + 2Ui,diBoj ^2 



p.., F ... - -n^ - -n^ 



- + ^oC^ (^oC, - a,Co) - diCo {doC, - diCo) + d-CVo + d-CVo + VoVo] . 

(2.22) 
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Finally, we integrate over Iloj, Hij and 11^^ to obtain 



7" 



+ <9,,^c"^/3 + a-CPo + a-CPo + Wo}] , (2.23) 

which contains the known free Abelian 4D 2-form effective action [3, S]. After the 
integration over Vi^Vi^Vi.^ and 11^, the set of BRST transformations given in Eq. (I2.17P 
becomes 



SbBoi 


= {doC, 


- d,Co) , 


SbCi 




SbCo 


= do{3 


SbBij 


= {d,C, 


- dfd , 




= noi, 


SbCo 




h'^i 


= -Vo, 




SbP 


= -Vo, 


Sbf3 


= 0, 


SbPo 


= 0, 




SbVo 


= 0, 


Sb^Oi 


= 0, 


Sb^<pi 


= 0, 






= 0, 







(2.24) 

with Iloj = {doBoi — djBji + ditpi) and n.^^ = {BqEqi + doLpi) that leave the actions in Eq. 
fl2:22|l and Eq. fl2:23|) invariant. 



III. DUAL-BRST SYMMETRY 



In this section, we discuss the dual-BRST symmetry obtained from canonical transfor- 
mations of the field variables which leaves the gauge fixing part of the action invariant. 
The kinetic part of the 2-form Lagrangian density can be linearized by introducing the 



Nakanishi-Lautrup type of auxiliary field, 33| and a massless scalar field (^2 as 



from which the following canonical momenta can be found out as 



n 



n 



Ho 
2 ■ 



As done in section I, the effective action in Eq. (I2.22p can be re-expressed as 

1 



(3.1) 



(3.2) 



SL 



d X 



n^2V^2 + ^ijBij — HijUij — 2IlijdiBQj — U^^eijkdiBjk — -€ijklljkdi<f2 
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(3.3) 



Canonical Transformations 



We make canonical transformations as follows 
Bosonic sector: 

1 



2 

2n 



1 



ghost sector: 



-0 Cq — C( 



'0; 



'0 ^ Cq — C{ 



'o, V, ^ 



(3.4) 



(3.5) 



It can be easily seen that (Iljj, Sjj) and (Iloi, -Boi) satisfy the commutation relations 



i?.,(x),n'^'(y 



So.(x),nO^(y)l = ib\b\^-y), 



(3.6) 



same as Eq. 02.61) and Eq. fl2.7p . Similarly, it is trivial to see that other transfor- 
mations in the ghost sector and bosonic sector are also canonical as they satisfy the 
anti-commutation/commutation relation given by Eq. (12. lip and Eq. ( I2.12p . After the 
canonical transformations, the BRST charge given in Eq.( I2.15|) becomes 



Qd = i d^x -eiikdiUojCk + eijkVilijk + Sn^^^o + 'PoUr + VidiP 



(3.7) 
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which will generate another form of BRST symmetry as follows 







SdBij 


(^ijk 'Pk 


SdCo 


— 2n 


^dCo 




SdCi 




5dCi 


= aj, 


SdV. 




SdVi 


= 0, 


6dP 


= -Vo, 


SdP 


= 0, 


SdH^ 


= 0, 


SdUp 


= -a. A, 


Sd^ipi 


= 0, 


Sd^i 


= 0, 


Sd^Lp2 


= 0, 


Sdf2 


= -2Po, 


6dVo 


= 0, 


6dVo 


= 0, 


Sd^Oi 


= 0, 


Sd'^ij 


= 0. 



(3.8) 

The set of BRST transformations given in Eq. (13. Sp . when integrated over Vi, Pi, 11^ and 
Ilfl, becomes 



SdBoi 




^dBij 


^ijk 


SdCo 


— 2n 


SdCo 




SdCi 




SdCi 


= a.A 


Sd/3 




Sd^ 


= 0, 


Sd^^ipi 


= 0, 


Sd<^i 


= 0, 




= 0, 


5dV2 


= -2Vo 


SdVo 


= 0, 


SdVo 


= 0, 


Sd^oi 


= 0, 


^d^ij 


= 0. 



(3.9) 

The above transformations are nilpotent and leaves the action given in Eq. (13.31) invariant. 
The gauge fixing part of the effective action given in Eq. (13.30 is 



9f 



d X 



(3.10) 



and its variation under the set of BRST transformations given in Eq. (13. 9 p independently 
vanishes i.e. 6dSgf = 0. The variation of the kinetic part cancels with the variation of the 
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ghost part of the action. Such a from of BRST symmetry is referred to as "Dual-BRST 
symmetry" 



30 



3l| . Hence, we observe that the Qb and Qd, the generator of the BRST 



and dual-BRST symmetry respectively, are related through canonical transformations 
and therefore is not an independent symmetry but the generalization of usual BRST 
symmetry. 



IV. NEW FORM OF BRST SYMMETRY 

We make general transformation in the sectors of Lagrange multipliers and their cor- 
responding momenta such as (n°\i?oi), {VojCq), (n<^^,99i) and {Po,Co) as follows 

n'oi = — Hoi — {doBoi + djBij) , Bq^ = Boi, 

n'^i = -n^ - diBo^, (p[ = (pu 

Z = -^0 - {doCo - did) , C'o = Co, 

P'o =-Vo-{doCo-dA), =Co. (4.1) 

Since, these transformations have Jacobian=-l, therefore it will not affect the path integral 
measure. The effective action given by Eg. (12.221) retains its form but the transformations 
in Eq. (14. ip will give rise to a set of new form of BRST symmetry as follows 

SbBoi = {doCi — diCo) , SbBij = {diCj — djCi) , 

5bP =0, 5blli, =0, (4.2) 

hCo = — n^-^ — diBoi, 5bCi = —Hoi — {doBoi + djBij) , 

5bP = -Vo - {doCo - did) , h^i = -Vo - {doCo - dA 

6bIloi = 5b {doBoi + djBij) , 6bll^^ = -6bidiBoi), 

SbVo = ~6b {dod - dA) , SbPo = -Sb {doCo - d.d) • (4.3) 

The non-trivial set of transformations are given in Eq. (14.31) . These set of BRST trans- 
formations are also nilpotent and leaves the effective action given in Eq. (12.221) invariant. 
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V. NEW FORM OF DUAL-BRST SYMMETRY 



If we make the similar general transformations as given in Eq. ( ]4.ip . we obtain an an- 
other form of dual-BRST symmetry. The new set of dual-BRST transformations obtained 
follows 









SdBij 


— ^ijk [doCk - 


SdCi 






SdCi 


= d,^, 


^dCo 


— 2n 




^dCo 


= do^, 


5dB 


= 0, 




SdVi 


= 0, 


5d^<f2 


= 0, 




^d^ij 


= 0, 


Sd^ 


= Vq + (9oCo 


- did) , 


5d^2 


= 2 (Po + dod 


Sd^^l 


= -6d{diBoi) 




SdVo 


= -ddidoCo - 


Sd^oi 


= -Sd {doBoi 




SdVo 


= -Sd (doCo - 



(5.1) 



(5.2) 

The non-trivial set of transformations are given in Eq. (15.21) . These transformation are 
also nilpotent and leave the effective action given in Eq. (13.31) invariant. 



VI. CONCLUSION 



We consider BRST-BFV formulation for Abelian rank-2 tensor gauge field theory to 
discuss various forms of BRST transformations. Dual-BRST was claimed to be a in- 
dependent symmetry in the literature. We show that dual-BRST symmetry is not an 
independent symmetry but can be obtained from usual BRST by using a canonical trans- 
formations in the Bosonic and ghost sector of the theory. 

Canonical Transformations 

5b<i) = -i[(p,Qb] > SdCp = -i[(l),Qd] (6.1) 

There exists a mapping between the de-Rham cohomological operators( exterior 
derivative d, co-exterior derivative 6 and the operator A = {d, 6}) of the differential 
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geometry and the generator of various forms of BRST symmetry (Qh, Qd and Q 



3G, 



3l|. Therefore, it 



respectively, where the Qw is the generator of bosonic symmetry 
is interesting to observe that the two de-Rham cohomological operators (d and 6) can 
related through canonical tranformations. We also consider the general transformations 
of Lagrange multipliers in bosonic and ghost sector to further obtain the different forms 
of BRST and dual-BRST symmetry. All the forms of BRST symmetry presented in 
this paper are local, covariant and nilpotent. New forms of BRST transformations 
can be used in conjunction with its usual form. These different forms of BRST trans- 
formations may be useful in technical point of view, in particular these can simplify 
the renormalizable program. Further, BRST-BFV technique straightforwadly can 
be extended to higher rank antisymmetric tensor theories. In such cases, the theory 
will be reducible at higher and higher levels so that more and more ghosts will be required. 
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